Finite-amplitude deep-water waves are subject to modulational instability, which eventually can lead to the formation of extreme waves. In shallow water, finite-amplitude surface gravity waves generate a current and deviations from the mean surface elevation. This stabilizes the modulational instability, and as a consequence the process of nonlinear focusing ceases to exist when kh Ͻ 1.363. This is a well-known property of surface gravity waves. Here it is shown for the first time that the usual starting point, namely the Zakharov equation, for deriving the nonlinear source term in the energy balance equation in wave forecasting models, shares this property as well. Consequences for wave prediction are pointed out.
Introduction
Since the beginning of the 1990s, there has been a rapid increase in the understanding of the generation of extreme waves in the open ocean. Different mechanisms have been found to be relevant for the formation of such events [see Kharif and Pelinovsky (2003) for a review]. A number of experimental and theoretical works (Janssen 2003; Onorato et al. 2001 Onorato et al. , 2004 Onorato et al. , 2005 have shown that, provided that the spectra are narrow banded and waves are steep, deep-water third-order nonlinearity (four-wave interactions) can lead to focusing of wave energy, even when waves are characterized initially by random phases.
However, some observations of extreme waves have happened at locations close to the coast, where shallowwater effects may become important. For example, the famous Draupner freak wave was observed in water of depth h 0 ϭ 69 m, and using the observed dominant frequency and the shallow water dispersion relation, one infers that the dimensionless depth k 0 h 0 is just between 1.2 and 1.4 (depending on the choice of the dominant frequency in the spectrum). This prompted a study into the effects of finite depth on the modulational instability. In such conditions finite-amplitude waves generate a wave-induced current, hence for decreasing depth, less and less wave energy is available for nonlinear focusing. As a consequence, the process of nonlinear focusing ceases to exist for sufficiently small water depth, k 0 h 0 Ͻ 1.363. This well-known result was first found by Benjamin (1967) and Whitham (1974) when studying the instability of a uniform, finite-amplitude wave train. Note that in shallow water threedimensional perturbations or higher-order nonlinearities may lead to modulational instability (Davey and Stewartson 1974; Francius and Kharif 2006; Kristiansen 2005) , nevertheless here we will concentrate our attention to four-wave interactions and to long crested waves, leaving the effects of transverse perturbation for future studies.
Here we will establish that the basic evolution equation for surface gravity waves, the Zakharov equation, correctly accounts for the stabilizing effects of waveinduced current and mean sea surface elevation. This holds for intermediate water depth and even for very shallow water when the dynamics of the waves is determined by shallow-water equations such as Boussinesq or Korteweg-de Vries equations (Onorato et al. 2006, unpublished manuscript) . An important implica-tion for spectral wave modeling in shallow waters is that around k 0 h 0 ϭ 1.363 there is a considerable reduction of the nonlinear transfer rates. This will be shown explicitly in this work by means of results of Monte Carlo forecasting of the Zakharov equation.
Here we emphasize that our findings are in some way unexpected because the "classical" approach (Herterich and Hasselmann 1980) does not predict the reduction of nonlinear energy transfer for k 0 h 0 ϭ 1.363. This is an important difference because in shallow water a "typical" saturated wind sea corresponds to a dimensionless depth k 0 h 0 of about 1. In that case, in a considerable part of the wave spectrum, the balance is determined by wind input and dissipation predominantly. Moreover, the approach in Herterich and Hasselmann (1980) predicts that the coupling coefficient in the Hasselmann equation shows for k 0 h 0 Ͼ 0.7 a similarity relation between the finite-depth and the infinitedepth cases; this result is not consistent with our findings. Our result is also in contrast with results from Resio et al. (2001) , where it was claimed that the Zakharov equation does not include wave-induced currents.
The present paper is organized as follows: We first make a summary of known results on modulational instability theory (we will use the Whitham approach; Whitham 1974); then we will show that the approach based on the Zakharov equation can recover the same results. Last we discuss the consequences for wave predictions in shallow water.
Summary of results from the Whitham theory
In shallow water the wave-induced current and mean surface elevation have a stabilizing effect in such a way that for k 0 h 0 Ͻ 1.363 the modulational instability, also known as the Benjamin-Feir (BR) instability (Benjamin and Feir 1967) , disappears and there is no selffocusing. This result is understood most easily from Whitham's variational approach (the following description is taken from Whitham (1974, 553-563) . The starting point is a modulated wave train of wavenumber k on a wave-induced current ␤. The nonlinear dispersion relation is found to be a uniform wave train is, as expected, stable. The resulting dispersion relation corresponds exactly with the nonlinear dispersion relation as obtained from the Nonlinear Schrödinger equation in shallow water (Hasimoto and Ono 1972; Mei 1983) .
The Zakharov equation for arbitrary depth
The results just shown can in principle be of some relevance for forecasting of wind waves in the ocean; it is therefore desirable that the nonlinear source term in the energy balance equation commonly used in waveforecasting models share the same properties as described above, that is, in the narrowband approximation, the coupling coefficient of the Hasselmann equation should go to zero for k 0 h 0 ϭ 1.363. None of the previous studies of which we are aware (Resio et al. 2001; Herterich and Hasselmann 1980; Gorman 2003; Zakharov 1999; Lin and Perrie 1997 ) have noticed such a property. As we will see, the difficulty of obtaining the aforementioned result resides in the fact that in the shallow-water limit the coupling coefficient develops some small denominators that have to be treated properly in order to obtain the correct results.
The nonlinear source term in the energy balance equation is based on the Zakharov equation; therefore that will be our starting point. The Zakharov equation describes the evolution in time of free waves in Fourier space for the so-called complex action density variable a (k, t) . It takes the following form:
͑7͒
where we use the following notation: a i ϭ a(k i , t), dk 2,3,4 ϭ dk 2 dk 3 dk 4 , and ␦ 1ϩ2Ϫ3Ϫ4 ϭ ␦(k 1 ϩ k 2 Ϫ k 3 Ϫ k 4 ). Here, the asterisk stands for complex conjugate; T 1,2,3,4 is the coupling coefficient that will be given below. Bound waves can be recovered from the dynamics of the free waves using the following transformation:
͑8͒
Here, the variable A i ϭ A(k i , t) is still a wave action variable but it includes also bound waves.
In the Hamiltonian description of surface gravity waves (Zakharov 1968) , the transformation corresponds to a canonical transformation that is used to remove nonresonant terms in the Hamiltonian. More simply, this transformation, as will be shown in the next section, corresponds to a generalized Stokes expansion that, in the narrowband approximation, results exactly in a Stokes series. Clearly, the theory discussed here is only valid if the second-order integral term in Eq. (8) is much smaller than the first-order term; in the limit of monochromatic and shallow-water waves, this condition corresponds to a small Stokes number (see also Zakharov 1999) . The observable variables, that is, the surface elevation (k, t) and the velocity potential (k, t) , are related to the variable A(k, t) in the following way:
͓A͑k, t͒ ϩ A*͑Ϫk, t͔͒ and
For a homogeneous random sea one then finds the following relation between the action density spectrum
where ͗͘ denotes an ensemble average. The Zakharov equation is a very compactly written equation; it contains a lot of interesting physics, and here we would like to explore this for the general case of intermediate depth. We will derive, for the case of a single wave, important relations such as the dispersion relation, the expression for the mean surface elevation and the mean current, and we will compare the results with Whitham (1974) . In particular, we would like to check that waveinduced current and mean surface elevation indeed have a damping effect on the Benjamin-Feir instability in such a way that for k 0 h 0 ϭ 1.363 the instability disappears. In other words, for k 0 h 0 Ͼ 1.363 nonlinearity focuses wave energy, while in the opposite case we have defocusing. Before entering in the discussion it is useful to report the analytical form of the coupling coefficients that will be used in the analysis.
Analytical form of the coupling coefficients
The expressions for the coupling coefficient in the Zakharov equation and in the canonical transformation Eq. (8) are taken from Zakharov (1992) and Krasitskii (1994) . The coupling coefficient T 1,2,3,4 in the Zakharov equation is given by
where the coefficients V
with k i ϭ | k i | and i ϭ (k i ), and where q i ϭ 2 i /g. Here, W 1,2,3,4 is given by the following analytical expression:
The coefficients in the canonical transformation are related to V (Ϯ) 1,2,3 as follows:
, and
Narrowband approximation a. Mean flow and wave-induced currents
To compare the Zakharov equation with the results of the Whitham theory it is necessary to take the narrowband approximation, that is, we will consider a free wave of the form
Substitution of Eq. (16) into the canonical transformation Eq. (8) up to second order in amplitude gives the following expression for the action variable A(k, t):
hence, as expected, the second-order term generates a second harmonic contribution. The first two terms are easy to deal with because the denominators remain finite. In this case the relevant matrix elements become
The mean flow contribution is much more awkward because of the apparent singularity caused by the factor 1 ϩ 2 Ϫ 3 ϭ 0 for k 2 → k 0 , k 3 → k 0 , and consequently k 1 → 0. Strictly speaking, the mean response in the action density diverges and only the mean surface elevation remains finite. In addition, one obtains different answers depending on how the limits are taken. An example of a limit is the one where k 2 ϭ k 0 , and k 3 ϭ k 0 , while the limit k 1 → 0 is only taken afterward. The resulting expression for the mean surface elevation is identical to the one given in Benjamin (1967) . The problem with this limit is, however, that by choosing finite k 1 one moves away from the surface determined by the orthonormality condition k 1 ϩ k 2 Ϫ k 3 ϭ 0.
1 As suggested by Gorman (2003) , we prefer to stick with this condition; therefore, we choose k 2 and k 3 slightly differently in order to satisfy the orthogonality condition. Specifically, we specify
where ⑀ is assumed to be small. Because of the orthogonality condition on wavenumbers, the wavelength of wave "1" becomes very long, or,
As a consequence the factor 1 ϩ 2 Ϫ 3 becomes equal to k 1 c S Ϫ k 1 · v g , with c S being the shallow water speed and g being the group velocity.
Hence by choosing the wavenumbers in this fashion we are considering the mean surface elevation and the nonlinear transfer in the limit of a very long wave group! The mean flow response then becomes to lowest significant order
where
and
From now on we will consider only the one-dimensional case; nevertheless we will still use vector notation in order to distinguish magnitude of a vector from the usual vector (which in 1D carries a sign). Hence, we specify the action density as
where B 0 is given by Eq. (22), while
The surface elevation now becomes
where c.c. is the complex conjugate. Substituting Eq. (24) into Eq. (26) and introducing the surface elevation amplitude 0 ϭ (2 0 /g) 1/2 gives
where ϭ k 0 · x Ϫ 0 t. Using the expression for B 0 , B 2 , and B Ϫ2 and taking the limit of vanishing ⑀, one finds explicitly that
Both expressions agree with Whitham [1974, his Eqs. (13.123) and (16.99)] . A remarkable property of the mean surface elevation is that, in contrast perhaps to one's expectation, it does not vanish exponentially for large k 0 h 0 , but it only slowly vanishes like 1/k 0 h 0 .
In the appendix a similar calculation is performed for the mean flow according to the Zakharov equation. To this end Whitham introduced in a natural way the wave-induced mass transport velocity u w . With wave variance E ϭ g 2 0 /2 one has
1 The presence of the delta function with argument k 1 ϩ k 2 Ϫ k 3 is a direct consequence of the orthonormality of the Fourier modes used in the expansion. 
b. Nonlinear dispersion relation
To obtain the dispersion relation for a single wave in shallow water we require T 0,0,0,0 . Inspecting the general expression for T in Eq. (11), it is evident that once more the limit of equal wavenumbers is awkward, since the first four terms show apparent singularities. We will treat this limit in a similar fashion as in the case of the mean surface elevation. The task is, however, simplified by the abundance of symmetries of T. Let us start with the first singular term, and we perturb all wavenumbers slightly, respecting the resonance condition in the Zakharov equation, hence
in such a way that ⑀ 1 ϩ ⑀ 2 ϭ ⑀ 3 ϩ ⑀ 4 . The first term in parentheses in Eq. (11), denoted by f (d), becomes in lowest significant order
where d ϭ ⑀ 1 Ϫ ⑀ 3 . The last singular term in Eq. (11) can be obtained from the first one by interchanging the indices 1, 3 and 4, 2. As a result, this last term equals f (Ϫd). Combining the two terms we have that their sum equals f (d) ϩ f (Ϫd) and is therefore independent of the sign of the difference vector d. The second and third singular terms give a similar contribution, and upon taking the limit of vanishing distance d one finds that the singular terms amount to
͑32͒
Making use of the dispersion relation and the expression for the group speed, (32) becomes
where c 0 ϭ 0 /k 0 is the linear phase speed. The regular terms in T 0,0,0,0 can be obtained in an elaborate, but straightforward, manner, and the final result becomes
͑34͒
The dispersion relation now follows in a straightforward manner from the Zakharov equation by substitution of Eq. (16) into Eq. (7). The resulting evolution equation is
Solving this with the ansatz â ϭ â 0 e Ϫi⍀t , the result is
To be able to compare with results obtained by Whitham (1974) the energy E of a wave train is introduced. In terms of the action variable â the energy E becomes
Writing the dispersion relation Eq. (36) as
where T 0,0,0,0 is given by Eq. (34). Whitham (1974) derived the nonlinear dispersion relation for shallow-water waves using a variational approach and his result [his Eq. (16.103); see also Eq. (6)] is in exact agreement with the present result displayed in Eq. (39). Combining Whitham's analysis and our work, it appears that the singular terms in T 1,2,3,4 result from the wave-induced changes in mean sea surface level and the wave-induced mean flow. These changes have a stabilizing effect on the Benjamin-Feir instability as k 0 h 0 decreases from the deep-water limit. The critical value for stability is determined by the value of k 0 h 0 for which ⍀ 2 ϭ 0. This value is found numerically to be k 0 h 0 ϭ 1.363. For k 0 h 0 Ͼ 1.363, modulations grow, while instability is absent in the opposite case. This threshold for instability was deduced by Whitham [see his account in Whitham (1974) ] from the variational approach and by Benjamin (1967) by means of a Fourier mode analysis. There are important implications for the probability distribution function (PDF) of the surface elevation. For k 0 h 0 Ͼ 1.363, nonlinearities result in focusing of wave energy, and hence the kurtosis of the PDF is positive, reflecting the increased probability of extreme waves. In the opposite case nonlinearities result in defocusing, and hence the kurtosis of the PDF is negative (Janssen 2003) . It should be mentioned that in this work [as in Janssen (2003)] we are only considering the deviation from Gaussian statistics as a result of nonlinear interactions among free waves, while the effect of bound modes on the kurtosis will be considered in a separate paper.
Note that in Resio et al. (2001) this problem has been considered before. These authors find that the Zakharov equation does not include wave-induced currents, and their T 0,0,0,0 is given by the first term on the right-hand side in Eq. (34). We can reproduce their result by numerically taking the limit in such a way that the condition k 1 ϩ k 2 ϭ k 3 ϩ k 4 is not satisfied. We argue that it is essential to satisfy the wavenumber condition because this condition follows from a basic property of the basis functions, namely the orthonormality property (see Gorman 2003) . Last, note that Lin and Perrie (1997) also report the nonlinear correction to the dispersion relation, but, nevertheless only the first term in the right-hand side of Eq. (34) is included, because in their perturbation analysis effects of the wave-induced current and mean surface elevation were not taken into account.
We mention that in a different context, namely for deep water, Stiassnie (1984) obtained the higher-order nonlinear Schrödinger equation from the Zakharov equation. Therefore, he has noticed that the Zakharov equation is able to represent the effects of the waveinduced mean current or setup (or -down) of the free surface. While in intermediate water depth, the contribution to the mean flow appears of leading order in spectral width; in infinite water depth, one has to go to higher order.
c. Modulational instability and effects of finite depth
In the context of the Zakharov Eq. (7) the stability of a weakly nonlinear wave train was studied by Zakharov (1968) and Crawford et al. (1981) . To test the stability of a uniform wave train with wavenumber k 0 and complex amplitude A 0 , it is perturbed by a pair of sidebands with wavenumbers k Ϯ ϭ k 0 Ϯ K (where K is the modulation wavenumber) and amplitudes A Ϯ , for example,
This expression for the action variable is substituted in the Zakharov equation, and it is assumed that the sideband amplitudes are small when compared with the amplitude A 0 of the carrier wave; therefore the square of small quantities may be neglected. The resulting evolution equations for the complex amplitudes may then be solved exactly, and for the amplitude of the carrier wave one finds that
where 2 denotes the correction of the dispersion relation due to nonlinearity. It is given by
and agrees with the nonlinear part of the dispersion relation Eq. (36). The equations for the amplitudes of the sidebands are linear and can therefore be solved in terms of exponential functions, involving an as-yetunknown oscillation frequency ⍀. 〈 nontrivial solution is then found provided that ⍀ satisfies the dispersion relation (Crawford et al. 1981 )
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is a frequency mismatch. We have instability provided that the term under the square root is negative. In Fig. 1 In agreement with one's expectations, the growth rate is reduced for decreasing values of the dimensionless depth k 0 h 0 , and for k 0 h 0 Ͻ 1.363 the instability disappears. However, this result can only be obtained when the relevant nonlinear transfer coefficients T in Eq. (40) are evaluated by perturbing the wavenumbers according to Eq. (30).
Consequences for wave prediction in shallow water
The threshold for instability at k 0 h 0 ϭ 1.363 has important consequences for wave modeling in shallow wa-ters of intermediate depth. The reason is that for these dimensionless depths there is a considerable reduction of the nonlinear transfer, and hence the shape of the wave spectrum is only determined by the balance of wind input and dissipation. To illustrate the stabilizing effect of the wave-induced current and mean surface elevation we have plotted in Fig. 2 the narrowband transfer coefficient R ϭ T 0,0,0,0 /k 3 0 as function of dimensionless depth using Eq. (34) with and without the wave-induced current effects. Including wave-induced effects shows that indeed the transfer coefficient changes sign at k 0 h 0 ϭ 1.363 while the transfer only approaches very slowly the deep-water value [in agreement with the fact that the mean surface elevation slowly vanishes like 1/(k 0 h 0 ) and not exponentially]. In Fig. 2 we have also plotted the narrowband approximation of the nonlinear transfer using the complete expression in Eq. (11). To take the limit numerically we again perturbed the relevant wavenumbers according to Eq. (30) . The agreement with the analytical result Eq. (34) is satisfactory. Hence, the Zakharov equation contains the effects of wave-induced current and mean surface elevation.
These wave-induced effects have an even more pronounced effect in the kinetic equation for the action density, as the nonlinear transfer coefficient is squared. Recall that according to Janssen (2003) the corresponding kinetic equation becomes
where R i (⌬, t) ϭ sin(⌬t)/⌬ and ⌬ ϭ 1 ϩ 2 Ϫ 3 Ϫ 4 . In Fig. 3 we have plotted R 2 ϭ T indicates that the wave-induced effects should have a dramatic impact on the downshifting of the peak of the wave spectrum in shallow water. When the peak wavenumber of the spectrum approaches the threshold value k thr ϭ 1.363/h 0 , one would expect that the downshift of the spectrum is reduced.
To test this conjecture we simulated the evolution of the wave spectrum by performing Monte Carlo simulations with Eq. (7) (Janssen 2003) for a number of cases, namely k 0 h 0 ϭ 1.363/2, k 0 h 0 ϭ 1.363, and k 0 h 0 ϭ 3 ϫ 1.363. The size of the ensemble is 500, while the Benjamin-Feir Index equals 1. Results for the spectrum and the nonlinear transfer are displayed in Fig. 4 . Clearly, the "deep" water simulation shows the expected downshift of the spectrum, while the intermediate water depth case (k 0 h 0 ϭ 1.363) shows no change of the spectrum at all, while the shallow-water case shows signs of an upshifting of the peak of the spectrum. Evidently, a simple scaling of the deep-water nonlinear transfer for shallow-water cases (as is common practice in wave modeling) does not seem to be a realistic option.
From the numerical simulations we have also obtained the time evolution of the kurtosis C 4 , defined as C 4 ϭ ͗ 4 ͘/3͗ 2 ͘ 2 Ϫ 1. These results are plotted in Fig. 5 and are in agreement with our expectations. For deep water we find a positive kurtosis [in agreement with Janssen (2003) ]; hence there is an increased probability for extreme events. In shallow water, on the other hand, kurtosis is found to be negative, and thus it is less likely than normal to find extreme waves.
These simulations have been repeated with the kinetic Eq. (41), and for k 0 h 0 Ն 1.363 a good agreement with the Monte Carlo Simulations is found. For k 0 h 0 K 1.363 however we see from Fig. 2 that in shallow water the nonlinear transfer coefficient increases very rapidly with decreasing dimensionless depth, so we very quickly end up with a strongly nonlinear case. In such circumstances the range of validity of the kinetic equation is much restricted (Zakharov 1999) .
Referring to Janssen (2003) where the properties of the Zakharov equation were discussed, it was argued that one is basically studying the balance between dispersion and nonlinearity (see also Onorato et al. 2001) . Thus, balancing the nonlinear term and the dispersive term in the narrowband version of Eq. (7) therefore gives the dimensionless number (see also Onorato et al. 2006 )
Since our interest is in the dynamics of a continuous spectrum of waves the slope parameter s and the relative width Ј of the frequency spectrum relate to spectral properties, hence
, with ͗ 2 ͘ the average surface elevation variance, and Ј ϭ / 0 . For positive sign of the dimensionless parameter in Eq. (42) there is focusing (modulational instability), while in the opposite case there is defocusing, of the weakly nonlinear wave train. For k 0 h 0 Ͻ 1.363 the factor T 0,0,0,0 increases rapidly with decreasing depth and the B S parameter becomes quickly much larger than 1. In other words, one then deals with a strongly nonlinear problem. The present form of the kinetic equation has been obtained for weakly nonlinear waves only (i.e., B S Ͻ 1). This condition imposes serious restrictions on, in particular, the steepness of the waves, and for k 0 h 0 Ͻ 1.363 the condition B S Ͻ 1 was not satisfied in the present Monte Carlo simulations of the Zakharov equation.
Conclusions
The threshold value for instability k 0 h 0 ϭ 1.363 plays an important role in understanding the generation of freak waves and in understanding the spectral evolution in shallow water. A simple scaling of the deep-water nonlinear transfer for shallow-water cases does not seem to exist. Nonlinear energy transfer in intermediate water depths has been studied before. Herterich and Hasselmann (1980) also mentioned that the shallow-water (kh Ͻ 0.7) energy transfer cannot be scaled using the deep-water transfer, but according to these authors this occurs for much smaller values with respect to 1.363 as found in this work. For very small values of k 0 h 0 the perturbation approach breaks down and Herterich and Hasselmann (1980) do not discuss this problem any further. However, there is a large body of literature from the 1960s pointing out that the narrowband approximation to the nonlinear transfer vanishes at k 0 h 0 ϭ 1.363. For these values of dimensionless depth the perturbation approach is appropriate, and therefore one should deal with the nonscaling behavior of the shallow-water nonlinear energy transfer. In addition, wind waves at these dimensionless depths are a common feature near oil rigs and buoys; hence use of a more appropriate scaling factor, for example, the one from Eq. (34), should be investigated.
